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WDM; all-optical network; wavelength allocation; tree of rings; approximation ratio partitions the available bandwidth on an optical fiber into some channels, each at a different wavelength. Each channel can carry a separate stream of data and any two streams of data must be assigned different wavelengths on a single optical fiber. Due to the natural congestion bound, it needs at least as many wavelengths as the load of an optical network, i.e. the maximum number of paths sharing a single link, to insure no blocking. In the following, we will always denote the maximum load and the number of the nodes of a considered network as L and N respectively.
Utilizing the bandwidth efficiently is a critical aspect to improve the performance of a network.
There are three common models in the analysis of WDM all-optical networks: static, incremental and dynamic.
Under the static model, all lightpath requests are given in advance, while under the incremental model, requests arrive as time goes by but are never terminated, and under the dynamic model, requests to set up lightpaths arrive over time and must be accommodated without rerouting the existing lightpaths, and lightpaths may be terminated over time as well.
Related Work
The wavelength allocation problem is known to be NP-hard for general WDM networks, even for some simple network topologies such as ring and tree [1] . Ring is a very popular topology and many remarkable results about wavelength allocation have been achieved on it. Under the static model, Gerstel et al. gave a lower bound 2L−1 in
Ref. [2] and a tighter lower bound (2−2/(N+1))L can be found in Ref. [3] . Under the dynamic model, Gerstel et al. [4] presented an algorithm that uses at most Llog 2 N+L wavelengths and gave a general lower bound 0.5Llog 2 
N.
Under the incremental model, Slusarek [5] proposed an optimal algorithm, which uses 3L−2 wavelengths. When wavelength conversion is allowed, Xu et al. [6] proved that the optimal utilization of the bandwidth can be achieved by placing a kind of converter of degree 4 at one node of a ring under the static model and that degree 4 is the lower bound to reach such performance if only one converter is allowed. Wan and Chen et al. [7] gave an optimal fixed conversion pattern for a static ring. Under the dynamic model, Llog 2 N+4L wavelengths are required if each of the nodes on the ring is equipped with a converter of degree 2 [4] . Under the incremental model, the number of wavelengths needed is shown to be max{0,L−d}+L for a conversion degree of d at each node [4] . Further achievements for the wavelength assignments in ring and star topologies can be seen in Refs. [13−15] .
Tree is another common topology of networks. Under the static model, Kaklamanis [8] and Erlebach [9] gave the best upper bound as 5L/3. Kumar and Schwabe [10] gave a lower bound 5L/4. Under the incremental model, Bartal and Leonardi [11] presented an O(log 2 N)-approximation algorithm and proved that no deterministic algorithm for trees can have an approximation ratio better than Ω(log 2 N/log 2 log 2 N). Under the dynamic model, an algorithm that requires no more than (2L−1)log 2 N wavelengths is proposed in Ref. [4] .
For trees of rings, Deng et al. [12] showed that 5L/2 is the upper bound under the static model. Combining wavelength allocation with routing, Bartal et al. proved that there exists an on-line algorithm for trees of rings which is O(log 2 N)-approximation [11] . Star-ring is a kind of topology in which some sub-rings are connected by a backbone ring. It is a special form of trees of rings.
Summary of Results
This paper studies wavelength allocations on trees of rings in the worst cases under all the three common models. No wavelength conversion is available, and for convenience, we assume that each ring in the network is associated with the counterclockwise direction. Under the static model, we present a sequence of requests with maximum load L, which requires at least 5L/2 wavelengths for any algorithm. This shows that the 5/2-approximation given by Deng et al. [12] is optimal. Under the incremental and the dynamic model, we classify [11] . The one for the dynamic model is with an approximation ratio +h, where
the set of rings of layer i, V(r) is the set of nodes on ring r, and h is the number of layers of the underlying tree of the network.
Preliminary
An optical network can be represented as a graph G=(V(G),E(G)). Under many models of optical routing, a set P of dipaths in G is given and different dipaths sharing a link must be assigned different wavelengths on the link. In the following, we denote W G (L) as the number of the required wavelengths to be assigned to lightpaths in a network with topology G without blocking. 
The Tight Bound for Trees of Rings under the Static Model
For trees of rings under the static model, Deng et al. [12] proposed a 5/2-approximation algorithm. In this section, we will show that 5L/2 is also the tight bound in the worst case by presenting a set of requests which need at least 5L/2 wavelengths for any algorithm. Proof. It follows that W tree-rings (L)≤5L/2 from Ref. [12] . In the following, we will give a set of requests that need at least 5L/2 wavelengths for any algorithm. Therefore, W tree-rings (L)≥5L/2 in the worst case. And Theorem 1 concludes.
Given a tree of rings, five sub-rings labeled R 0 , R 1 , R 2 , R 3 and R 4 are connected by a backbone ring R counterclockwise. See Fig.3(a) . Let P i (0≤i≤4) be a set of L/2 identical lightpaths, whose source node is in R i , and whose destination node is in R (i+2) mod 5 . All lightpaths in P i overlap all lightpaths in P (i+2) mod 5 . See Fig.3(b) . Then it can be seen that all lightpaths in P i overlap all lightpaths in P j , j≠i. So all the lightpaths in ∪ 4 i=0 P i overlap each other and thus cannot be assigned the same wavelength with each other. Therefore at least 5L/2 wavelengths are required for this set of requests for any wavelength allocation algorithm, while the load of the tree of rings is L. Theorem 1 holds. 
Dynamic Wavelength Allocation on Trees of Rings
In this section, we study dynamic wavelength allocation on trees of rings, where the existing lightpaths cannot be rerouted and no blocking of lightpath is allowed as long as the maximum load does not exceed L. In this section, we will first give a special property (Lemma 1) of the efficient dynamic wavelength allocation algorithm DWLA [4] for ring networks given by Gerstel et al. and then propose a dynamic wavelength allocation algorithm for trees of rings based on DWLA and Lemma 1. In DWLA, the available wavelengths are sorted into several disjoint pools.
The following Lemma 1 points out a feature of DWLA, which is crucial to our algorithm for trees of rings. Lemma 1. Due to DWLA, two adjacent lightpaths in a ring network will never be assigned the same wavelength.
Proof. Given two adjacent lightpaths P 1 and P 2 in the ring:
Case 1: At least one of them crosses link 0. Let P 1 crosses link 0. If P 2 crosses link 0 too, P 1 and P 2 would be assigned two different wavelengths in Pool(log 2 N) by DWLA. Otherwise, a wavelength in Pool(log 2 N) would be assigned to P 1 , while a wavelength in another pool to P 2 .
Case 2: None of them crosses link 0 (See Fig.4) . Let, by contradiction, P 1 and P 2 be assigned the same wavelength in some Pool(m)(0≤m<log 2 N) by DWLA. In this case, P 1 crosses link a2 m , while P 2 crosses another Recall that two lightpaths traversing the same ring R may overlap in another ring only if their segments in R are adjacent to or overlapping each other. Lemma 1 implies that if we use DWLA to assign wavelengths to the lightpaths traversing ring R just based on their segments in R, there will be no confliction among all these lightpaths whether on R or on other rings. Before introducing our algorithm, let us explain our strategy of classifying the rings in a given tree of rings.
Definition 2. Given a non-trivial tree with t nodes, we're always able to pick out a node, the removal of which divides the tree into at least two sub-trees, each of which has no more than t/2 nodes. Such a node is called a cut node of the tree.
From Definition 2, we can classify all the nodes of a tree into some layers as follows: given a non-trivial tree, pick out a cut node of the tree as the node of layer 1, remove it and leave several sub-trees to the next step. Then pick out a cut node in each sub-tree as the nodes of layer 2, and so on, until all the sub-trees become empty. The rings in a tree of rings can also be sorted into some layers in the same way based on its underlying tree. In the following we denote the number of the layers as h. It is obvious that h≤log 2 (N+1).
The above idea is inspired by the argument of wavelength allocation for dynamic tree networks in Ref. [4] . Our dynamic wavelength allocation algorithm is implied in the following Theorem 2. It employs the following Conclusion 1.
Conclusion 1.
A path traversing through two nodes of layer k (k>1) in a tree contains a node of layer lower than k. A path traversing through two rings of layer k (k>1) in a tree of rings traverses through a ring of layer lower than k.
Theorem 2.
Let TR be a tree of rings. Then , where R
i is the set of rings of layer i, |V(r)| is the number of nodes on ring r and h is the number of the layers of TR.
Proof. Let there be wavelengths available in TR. We classify all the rings in TR into h layers as the above, and divide the available wavelengths into h disjoint pools, where Pool(i) has wavelengths and is for the wavelength allocation of lightpaths on rings of layer i.
Given an incoming lightpath p, let r 1 be the ring of the lowest layer, say layer l 1 , which p traverses. Note that such an r 1 is unique for every lightpath in the network due to our layer-classifying strategy. Let the nodes in r 1 be labeled from j 1 to j vr1 . We consider the segment of p in r 1 , say p 1 , as a separate lightpath, and use DWLA to select an available wavelength in r 1 out of Pool(l 1 ) for p 1 and further more for p. Gerstel et al. [7] concluded that , where N is the number of nodes in the ring. So there is an available wavelength for For another lightpath q, we will show that q is assigned a different wavelength from p if q overlaps p. Denote the ring of the lowest layer which q traverses as r 2 and of layer l 2 . We denote the segment of q in r 2 as q 1 
Wavelength Allocation under the Incremental Model
The incremental model is suitable for networks with growing demands and with almost no requirements for removing lightpaths that are already in use. In this section, we present an O[log 2 (t+1)]-approximation algorithm for incremental trees of rings based on a modification of the algorithm COLOR for rings proposed by Sluarek [5] , where t is the number of rings in the network. COLOR uses at most 3L−2 wavelengths for incremental ring networks. It In order to deal with wavelength allocation on trees of rings, a stronger constraint that no pair of adjacent lightpaths can be assigned the same wavelength is added to the incremental model of ring networks. The pseudo-code of the modified COLOR, COLOR_AC, is shown in Fig.5 . It is just the same as COLOR except that it has an additional constraint and there are three wavelengths in Pool(0). 
Set Shelf(i)=Shelf(i)∪{p};
4. Accommodate p using wavelengths in Pool(i) without violating the additional constraint. For an incoming lightpath p, let r be the ring of the lowest layer it traverses and be of layer k (1≤k≤h). p will be assigned a wavelength in Pool(k) according to its segment in r. Such a segment will be considered as a lightpath within r by the algorithm. If k<h, we view the wavelength allocation for p as a stronger problem that no pair of adjacent lightpaths in r can be assigned the same wavelength in order to avoid confliction. COLOR_AC can solve this problem using no more than 3L wavelengths within a ring from Theorem 3. Moreover, similar to the proof of Theorem 2, it can be seen that p doesn't overlap other lightpaths with wavelengths in Pool(k) but don't traverse r due to our classification strategy. So it can be assigned a wavelength independent from these lightpaths. Note that COLOR can be used especially for the lightpaths within a ring of layer h and only 3L−2 wavelengths are required. [11] , where N is the total number of nodes in the network.
Conclusion
This paper analyzes the wavelength allocation problem on WDM all-optical trees of rings under three different models. We show that the bound 5L/2 is tight under the static model. We also propose an approximation algorithm for dynamic model. What's more, we improve the approximation ratio from O(log 2 N) to O[log 2 (t+1)] under the incremental model, where N and t are the number of nodes in the network and the number of rings in the network respectively.
